In this article we show that any A 2 -fibration over a Noetherian ring containing Q has a fixed point free locally nilpotent derivation if and only if it is a polynomial algebra over an A 1 -fibration. The result also provides a classification: a locally nilpotent derivation of an A 2 -fibrations over a Noetherian ring containing Q is fixed point free if and only if it has a slice.
Introduction
Let R be a commutative ring with unity. For a prime ideal P of R, k(P) denotes the residue field R P /PR P . The polynomial ring in n variables over R is denoted by R [n] . Let A be an R-algebra. We shall use the notation A = R [n] to mean that A is isomorphic, as an R-algebra, to a polynomial ring in n variables over R. A is called an A n -fibration over R, if A is finitely generated and flat over R, and A ⊗ R k(P) = k(P) [n] for all P ∈ Spec(R). A is called a stably polynomial algebra over R, if A [m] = R [n] for some m, n ∈ N. An R-derivation D : A −→ A is called locally nilpotent R-derivation (R-LND), if for each x ∈ A, there exists n ∈ N such that D n (x) = 0. An R-LND D : A −→ A is called fixed point free if D(A)A = A; and D is said to have a slice s ∈ A, if D(s) = 1. Suppose Q → R, and D : A −→ A an R-LND. Then it is well known that A = Ker(D)[s] = Ker(D) [1] , if D has a slice s ∈ A; and the converse holds when D is irreducible (see [Fre17, p. xii & p. 28]) .
Two important open problems in affine algebraic geometry are the following.
Problem 1.1. Let R be a ring containing Q and A an A 2 -fibration over R.
1. Is it possible to express A in terms of an A 1 -fibration over an R-subalgebra C of A? 2. Let D : A −→ A be a fixed point free R-LND. Does D have a slice?
To know the origin of the problems, one may refer to [VD74] , [Sat83] , [Asa87] , [BD94] and [AB97] for Problem 1.1(1); and to [Fre09] , [EKO12] , and [EKO16] for Problem 1.1(2). It is to be noted that problems 1.1(1) and 1.1(2) are related in a sense that an affirmative answer to 1.1(2) will give a conditional affirmative answer to 1.1(1), when the base ring is Noetherian. For details one may look at Corollary 3.4 (also see Corollary 3.5).
While both the problems are open in general, the following partial affirmative answers are known to Problem 1. 
Recently, Kahoui-Ouali, in [EKO16] , showed that if A is stably polynomial over R and has a fixed point free locally nilpotent R-derivation, then A = R [2] , and therefore, D has a slice; and thereby giving a partial answer to both the problems. For our convenience, we quote below the result ([EKO16, Thorem 3.1, Theorem 2.4 & Corollary 3.2]).
Theorem 1.2. Let R be a ring containing Q, A an A 2 -fibration over R, and D : A −→ A a fixed point free R-LND. If A is stably polynomial over R, then Ker(D) = R [1] , and D has a slice, i.e., A = Ker(D) [1] . Further, if R is Noetherian and A is locally stably polynomial over R, then Ker(D) = Sym R (N) for some rank one projective R-module N, and A = Ker(D) [1] , i.e., D has a slice.
One may also look at an earlier result ([EKO12, Theorem 1.1]) by the same authors in [EKO12] along this direction.
In this article we completely solve Problem 1.1(2), and whereby give a partial answer to Problem 1.1(1), specifically (see Theorem 3.3), Theorem A: Let R be a Noetherian ring containing Q and A an A 2 -fibration over R with a fixed point free R-LND D : A −→ A. Then, Ker(D) is an A 1 -fibration over R, and D has a slice, i.e., A = Ker(D) [1] . In particular, if R is a normal domain, then A = Sym R (I) [1] for some invertible ideal I of R.
Preliminaries
In this section we setup notations, recall definitions, and quote some results which will be used in the next section. Throughout this article rings will be commutative with unity.
Notation:
Given a ring R, and an R-algebra A we fix the following notation. 
Definitions:
A reduced ring R is called seminormal if whenever a 2 = b 3 for some a, b ∈ R, then there exists t ∈ R such that t 3 = a and t 2 = b.
Let A be an A n -fibration over a ring R.
Preliminary results:
We now quote few results for later use. The first one is by Hamann ([Ham75, Theorem 2.8]).
Theorem 2.1. Let R be a Noetherian ring containing Q, and A an R-algebra such that
A classification of locally polynomial algebras by Bass-Connell-Wright ([BCW77, Theorem 4.4]) states
Theorem 2.2. Let A be a finitely presented R-algebra such that A P is R P -isomorphic to the symmetric algebra of some R P -module for each P ∈ Spec(R). Then, A is R-isomorphic to the symmetric algebra Sym R (M) for some finitely presented R-module M. Theorem 2.4. Let R be a Noetherian ring and A an A r -fibration over R. Then, Ω R (A) is a projective A-module of rank r and A is an R-subalgebra (up to an isomorphism) of a polynomial ring R [m] for some m such that A [m] = Sym R [m] (Ω R (A) ⊗ A R [m] ) as R-algebras; and therefore, A is retract of R [n] for some n ∈ N. 3
Corollary 2.5. Let R be a Noetherian ring containing Q, and A an A 1 -fibration over R. If Ω R (A) is extended from R, specifically, when R is seminormal, then A = Sym R (N) for some finitely generated rank one projective R-module N.
Proof. Follows from Theorem 2.4, Theorem 2.3, Theorem 2.1, and Theorem 2.2.
We now quote a result which classifies fixed point free R-LNDs of R [2] , where R is a ring containing Q. When R is a field, the result follows from the work of Rentschler ([Ren68]), whereas the case R is a UFD is proved by Daigle-Freudenburg in [DF98] . Bhatwadekar-Dutta, in [BD97] , established the result when R is a Noetherian domain. The case R is a general ring, under the assumption the LND has divergence zero, was done by Berson-Essen-Maubach in [BvM01] ; and the most general case was proved by Essen in [vdE07] . 
We note an observation by Kahoui-Ouali ([EKO14, Corollary 2.5]) on triviality of A 1 -fibrations having fixed point free LNDs. Though Kahoui-Ouali proved the result over integral domains, we observe that it holds over general rings. Proof. Let us assume that R is reduced. Since the total quotient ring K of R is zero-dimensional reduced Noetherian ring, we see that
LetD : A ⊗ R K −→ A ⊗ R K be the extension of D. Since D is fixed point free,D is also fixed point free. Since A⊗ R K = K[U], we have D(U) =D(U) = α ∈ K * , i.e., α is a non-zero divisor in R.
Since A is flat over R, α remains a non-zero divisor in A; and therefore, D 1 = m i=1 α i D 1 (u i )D. This proves that Der R (A) = Hom A (Ω R (A), A) is a free A-module of rank one. Since Ω R (A) is a projective A-module, it is a reflexive A-module; and therefore, Ω R (A) is a free A-module. Consequently, by Corollary 2.5, we get A = R [1] . Now, we suppose that R is not reduced. Set η := Nil(R). Clearly, the induced derivation D : A/ηA −→ A/ηA is a fixed point free R/η-LND. Since A/ηA is an A 1 -fibration over R/η, from the previous discussion we have A/ηA = (R/η) [1] = (R/η)[X], say; and therefore A = R[X] + ηA.
We end this section by registering the following special case of Theorem 1.2. We provide an alternative short proof to it as an application of Theorem 2.8. Proof. By Theorem 2.6, for each P ∈ Spec(R), A P = Ker(D) [1] P and Ker(D) P = R [1] P . This shows that A Q = Ker(D) [1] Q for all Q ∈ Spec(Ker(D)), and therefore, by Theorem 2.2, we have A = Sym Ker(D) (L) for some finitely generated rank one projective Ker(D)-module L; which proves that Ker(D), being a retract of the finitely generated R-algebra A, is a finitely generated R-subalgebra of A. Since Ker(D) P = R P
[1] for all P ∈ Spec(R), by Theorem 2.2, Ker(D) = Sym R (N) for some rank one projective R-module N. Moreover, since A = Sym Ker(D) (L), by Theorem 2.8, we see that A = Ker(D) [1] .
Main Result
First, we note the following lemmas. The first one is easy to prove. Proof. Clearly, C is a finitely generated R-subalgebra of A; and further, C, being a direct summand of the flat R-module A, is flat over R. Let P ∈ Spec(R) be arbitrary. Now, k(P) [2] = A ⊗ R k(P) = (C ⊗ R k(P)) [1] , and therefore, by Theorem 2.1, we get C ⊗ R k(P) = k(P) [1] . This shows that C is an A 1 -fibration over R. Again, as C ⊗ R k(P) = k(P) [1] , we see that A ⊗ R k(P) = (C ⊗ R k(P))[W] = (R[W] ⊗ R k(P)) [1] . This proves that W is a residual variable of A; and therefore, by Theorem 2.7, A is an A 1 -fibration over R[W]. This completes the proof.
We now prove our main result (Theorem A). [n+1] , and therefore, by Theorem 2.1, we have A = Ker(D) [1] . Now, applying Lemma 3.2 we see that Ker(D) is an A 1 -fibration over R.
Now, we assume that Ω R (A) is extended from R. Since Ω R (A) is a rank two projective Amodule and A is faithfully flat over R, there exists a rank two projective R-module M such that Ω R (A) = M ⊗ R A. Since A is an A 2 -fibration over R, from earlier arguments we have A ⊂ R [n] , and
Thus, we have Ker(D) [n+1] = A [n] = Sym R (M) [n] , and therefore, for each P ∈ Spec(R), we get Ker(D) [ P for all P ∈ Spec(R), and hence using Theorem 2.2, we see that Ker(D) = Sym R (N) for some rank one projective R-module N. When R is seminormal, the result follows directly from Corollary 2.5, as Ker(D) is an A 1 -fibration over R.
From Theorem 3.3 we observe the following equivalent statement of existence of an fixed point free locally nilpotent derivation of an A 2 -fibration.
Corollary 3.4. Let R be a Noetherian ring containing Q, and A an A 2 -fibration over R. Then, the following statements are equivalent.
(I) A has a fixed point free R-LND. (II) A has an R-LND with slice.
, for some n ∈ N, along with a retraction φ :
Proof. . Clearly, ∂ W (φ(U i )) = 0 for all i = 1, 2, · · · , n.
(IV) =⇒ (II): Set D := (φ•∂ W )| A : A −→ A. By Lemma 3.1 it follows that D is an R-derivation of A. We shall show that D is an R-LND with slice W. Clearly, D(W) = 1.
Let α(U) ∈ A ∩ R[U 1 , U 2 , · · · , U n ]. Note that φ(α(U)) = α(U). One may check that D(α(U)) = 0
(1) and
(2)
, and therefore, f = φ( f ) = φ(α 0 (U)) + φ(α 1 (U))W + φ(α 2 (U))W 2 + · · · + φ(α m (U))W m . Now, using (1), and (2) we see that D m+1 ( f ) = 0. This shows that D is an R-LND of A with slice W.
As a consequence of Theorem 3.3 we get to see the following structure of an A 2 -fibration over a Noetherian domain having a fixed point free locally nilpotent derivation. We now prove the equivalence of (I), (II) and (III). , we have, for each P ∈ Spec(R), A ⊗ R k(P) is an A 1 -fibration over Ker(D) ⊗ R k(P) = k(P) [1] , and therefore, by Corollary 2.5, we get A ⊗ R k(P) = (Ker(D) ⊗ R k(P)) [1] for all P ∈ Spec(R). Since A is stably polynomial over R, applying Theorem 2.7, we conclude the implication.
Remark 3.6. As a corollary of Theorem 3.3 we get Kahoui-Ouali's result on triviality of stably polynomial A 2 -fibration having a fixed point free LND, i.e., Theorem 1.2.
. Using a standard reduction technique (see [EKO16, Lemma 4 .3]) we get a subring R 0 of R such that R 0 is a finitely generated Q-algebra, and a finitely presented , and therefore by the properties of A 0 and R 0 we see that A = R [2] . Now, on applying Theorem 2.6, we conclude that Ker(D) = R [1] , and A = Ker(D) [1] . Now, we assume that R is Noetherian and A is locally stably polynomial over R. Since D is a fixed point free R-LND of A, by Theorem 3.3, we have A = Ker(D) [1] , and Ker(D) is an A 1fibration over R. Since A is locally stably polynomial and A = Ker(D) [1] , by Theorem 2.1, we see that Ker(D) is locally polynomial over R, and therefore, by Theorem 2.2, we get Ker(D) = Sym R (N) for some rank one projective R-module N. Asanuma-Bhatwadekar, in [AB97] , established that A can not be written as A 1 ⊗ R A 2 where A 1 , A 2 are A 1 -fibrations over R; and therefore, from "(I) ⇐⇒ (III)" of Corollary 3.4, we see that A does not possess any fixed point free R-LND. However, it is easy to see that A has a non-fixed point free R-LND with kernel R[V].
Examples

